A nonperturbative interaction of an electronic system with a laser field can substantially modify its physical properties. In particular, in two-dimensional (2D) materials with a lack of inversion symmetry, the achievement of a regime of strong light-matter coupling allows direct optical tuning of the strength of the Rashba spin-orbit interaction (SOI). Capitalizing on these results, we build a theory of the dynamical conductivity of a 2D electron gas with both Rashba and Dresselhaus SOIs coupled to an off-resonant high-frequency electromagnetic wave. We argue that strong light-matter coupling modifies qualitatively the dispersion of the electrons and can be used as a powerful tool to probe and manipulate the coupling strengths and adjust the frequency range where optical conductivity is essentially nonzero. Introduction. Since the appearance of the pioneering works on spintronics, followed by unprecedented research progress in the field [1], there has been tremendous interest in studying spin-orbit coupled systems. This is mainly motivated by the possibility to use spin-orbit interactions (SOIs) for the design of prospective nanoelectronic devices [2] where the spin of a system can be manipulated without application of an external magnetic field. In two-dimensional (2D) electronic systems, SOIs can be provided either by a lack of inversion symmetry of the crystalline lattice itself (the so-called Dresselhaus term [3] ) or structural asymmetry of the quantum well (the Rashba term [4] ). While the strength of the Dresselhaus term is determined exclusively by the material and geometry of the structure, the strength of the Rashba term can be tuned by application of a gate voltage, which opens a way for the design of various spintronic components including Datta-Das spin fieldeffect transistors [5] .
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Meanwhile, the search for alternative ways to manipulate spin-orbit coupling still attracts considerable attention. It was recently proposed that the latter can be achieved by coupling of a 2D electron system with a strong off-resonant electromagnetic field (dressing field) [6] , when no real absorption of the wave takes place but the spectrum of the system is changed. This corresponds to the so-called regime of strong light-matter coupling. The resulting dispersion renormalization was recently studied for the electrons in bulk semiconductors [7, 8] , quantum wells [9] [10] [11] [12] , and graphene [13] [14] [15] [16] [17] [18] [19] . The dressing field also has a profound impact on the transport properties of low-dimensional electronic structures. In particular, it leads to an increase of dc conductivity of a two-dimensional electron gas (2DEG) and suppress the effect of weak localization [12] . The oscillating behavior of conductivity and its strong anisotropy also have been predicted for monolayer graphene dressed by linearly polarized light [19] and three-dimensional topological insulators [20] . Moreover, in graphene, a timeperiodic circularly polarized field gives rise to a dynamical gap opening and resulting photocurrent can flow without any applied bias voltage [21] .
In this Rapid Communication we investigate the effect of electromagnetic dressing on the transport properties of 2DEG with both Rashba and Dresselhaus SOIs in a quantum well grown in the [001] direction. Interestingly, the trade-off between Rashba and Dresselhaus couplings leads to a finitefrequency response with spectral features that are significantly different from those of a pure Rashba or Dresselhaus system [22] . The plasmon spectrum in Rashba-Dresselhaus systems also changes dramatically [23, 24] . Thus, coupling to a strong off-resonant field opens possible ways of controlling the charge and spin current response of the system, providing also a tool to extract the Rashba and Dresselhaus couplings in all-optical measurements.
Model. We consider a spin-orbit coupled two-dimensional electron gas in which the electrons are restricted to move within a plane perpendicular to theẑ axis irradiated by an external electromagnetic wave propagating perpendicular to the interface, E = E 0 cos Ωt, where E 0 = |E 0 | is an amplitude of the wave and Ω is frequency. Periodic time dependence is characterized by a symmetry operation that corresponds to a translation by a period of a driving field, and Floquet quasienergies [25] [26] [27] describe the total phase shifts the quantum system picks up, evolving over a period. As long as the frequency of the irradiating field is far from the resonant frequencies of electronic interband transitions, so that interband absorption does not happen, and is high enough to satisfy a condition Ωτ 1 (where τ stands for the relaxation time of a bare system), the problem can be mapped to an effective timeindependent model in which the parameters of the undriven Hamiltonian are renormalized by the field. In our further discussion we focus on the linearly polarized dressing field only,
Effective time-independent Hamiltonian. We start our analysis with the Hamiltonian of a spin-orbit coupled two- 
where σ = (σ x , σ y , σ z ) is a vector of Pauli matrices acting in spin space, and constants α and β characterize the strengths of Rashba and Dresselhaus couplings, respectively. This Hamiltonian describes, for example, an InAs-based quantum well grown in the [001] direction [28] . The eigenstates of this Hamiltonian are purely determined by the electron momentum p = (p x , p y ) and chirality of the spin branches. In the presence of an external electromagnetic field the Hamiltonian acquires a time-dependent term via a canonical replacement p → p − eA(t)/c, which originates from a minimal coupling to the field, where A(t) = −c t E(t )dt (here, c is the speed of light).
Performing unitary transformation with a matrix,
where γ = eE 0 α 2 + β 2 /(hΩ 2 ) is dimensionless field-matter coupling and tan ξ = β /α, and keeping zeroth-order harmonics [29] in the Floquet expansion only (which is possible for off-resonant external fields), we can reduce the problem to an effective time-independent Hamiltonian that resembles a bare Hamiltonian with effective anisotropic Rashba and Dresselhaus couplings renormalized by the field,
where Rashba
and Dresselhaus-type couplings
In expressions (4) and (5) J 0 (2γ) is the zeroth-order Bessel function of the first kind. Thus, the off-resonant external electromagnetic field provides a versatile tool to tune the corresponding spin-orbit strengths. One can easily verify that the dispersion relations of dressed electrons and corresponding eigenstates (see Fig. 1 to observe renormalization due to an external field) of the HamiltonianH are determined by (6) where tan Φ = (α x cos θ + β y sin θ ) / (α y sin θ + β x cos θ ), λ , the chirality index is denoted by λ = ±1, and the anisotropic spin splitting is defined by
It is worth noting that the angle tan θ = p y /p x , while for a system doped up to E F > 0 and a concentration of charge carriers n,
can be tuned by changing the field parameters. Note that the expression forH and consequent relations are formally true as long as the argument of J 0 (2γ) is far from the nulls of the Bessel function [29] . (4) and (5). To make the effect of renormalization more pronounced in (6) we put 2m = 1, β /α = 12/15, and γ = 0.2.
Optical conductivity. The effects of electromagnetic dressing can be experimentally explored by studying the optical response of the system in a pump-probe geometry. In this case, a sample is excited by a continuous-wave highly intense laser (pump) while the second pulse (probe) is used for characterization of the excited states of the hybrid light-matter system. The proper description of experimentally relevant signals requires an adequate understanding of how an electromagnetic pulse of finite length propagates through a material which is driven out of equilibrium. If the probing field is weak enough, its effect shows up as a linear response of the current to the external field δ j a (ω) = σ ab (ω)δ E b (ω), where the subscripts stand for Cartesian components of the vectors and tensors. It is worth noting that only the probe field is assumed to be weak, whereas no assumptions have been made about the strength of the pump field. Along with a standard Drude peak, the conductivity of a spin-orbit coupled system picks up an extra term determined by the Kubo formula. For a probing field of frequency ω it can be evaluated as follows,
where δ is a positive infinitesimal constant introduced to guarantee the convergence of the integral. The angular brackets stand for quantum and thermal averaging.
With the help of the HamiltonianH we can estimate the current operators,
Without loss of generality, in the following we assume ω > 0, and after quite straightforward algebra we obtain [29] :
Expression (11) clearly manifests that the conductivity due to spin-orbit coupling disappears for |α| = |β |. In fact, in this case a delicate interplay between the Dresselhaus and the Rashba couplings leads to a momentum-independent eigenspinor [30, 31] , and the conductivity of the system becomes isotropic. Analytical formulas for Reσ ab (ω) are listed in Ref. [29] . In contrast to a pure Rashba or Dresselhaus system, the frequency range where Reσ ab (ω) = 0 is more broadened ω − ≤ ω ≤ ω + (Fig. 2) , wherē
and we have defined the functions
which determine the integration area Ω − (θ ) ≤ ω ≤ Ω + (θ ) over the polar angle θ , while ∆ ± denote the maximum and minimum of ∆(θ ), respectively. The energieshω ± correspond to the minimum and the maximum photon energy required to induce the optical transitions between the initial λ = −1 and final λ = +1 subbands and coincide with the absorption edges of the spectrum. Results and discussion. Close inspection of formulas (12) reveals that the presence of an intense electromagnetic field allows one to optically tune the values ofhω ± . The results of the numerical calculations of conductivity (11) are shown in Fig. 2 . We used the parameters that are experimentally accessible in InAs-based quantum wells grown in the [001] direction [28, 32, 33] , m = 0.055m e , where m e is the free-electron mass, α = 1.6×10 −9 eV cm, β = 0.125α, n = 5×10 11 cm −2 , and γ =0, 0.3, 0.6, and 0.9. It can be seen that Reσ ab (ω) is non-zero only in a well defined interval of frequencies, ω − < ω < ω + , and both ω + and ω − decrease as functions of dimensionless field-matter coupling γ, and the range of the frequencies where the real part of the conductivity is nonzero becomes broadened. The major factor that determines this interval is related to the Fermi surface topology and explains the possible excitation energies of electron-hole pairs (electronhole continuum). Note that for γ = 0 our results coincide with those reported in previous studies [22] .
The two peaks in Figs. 2 and 3 correspond to electronic excitations involving states with allowed wave vectors exactly athω a =hΩ + (∆ − ) andhω b =hΩ − (∆ + ) (featured in the inset to the Fig. 2 ), provided ω − < ω a < ω b < ω + . This is in huge contrast to the results of a pure Rashba or Dresselhaus system for which Reσ xx (ω) = e 2 |J 0 (2γ)|/(16πh), and Reσ yy (ω) = e 2 /(16πh|J 0 (2γ)|), in the finite frequency range determined by |hω − 2α m 2 α 2 + 2mE F | ≤ 2mα 2 .
One can also observe that the lower peak of the components of the conductivity tensor Reσ ab (ω) at ω = ω a moves towards ω − with an increase of γ (see Fig. 2 ). This effect becomes even more pronounced when the ratio β /α grows. Interestingly, Reσ xx (ω) reaches maximal value in the absence of a dressing field and becomes suppressed with an increase of γ. This is in contrast to the behavior of Reσ yy (ω), which is shown to take the lowest value in the absence of the field and gains a maximum value at ω − with increasing γ (not shown).
Contrary to a pure Rashba or Dresselhaus material, in which it requires a circularly polarized field [34] , in a biased two-dimensional electron gas the presence of both couplings leads to the emergence of Hall-type conductivity of the charge carriers, even in the absence of an external magnetic field [35] (see also Ref. [29] ). Results presented in Fig. 2 show that the Hall-type conductivity is also quite sensitive to the dressing field. The off-diagonal components of the frequencydependent conductivity tensor can be accessed, e.g., via measurements of the Faraday rotation angle, which for sufficiently thin films is proportional to σ xy (ω) (see, e.g., Ref. [36] ).
It should be noted that the modification of the dynamical conductivity by a dressing field allows for an experimental determination of the relative strength of the spin-orbit coupling β /α. The current methods include photocurrent measurements [28, 37] or optical monitoring of electron spin precession [38] , or persistent charge and spin current measurements in a mesoscopic ring [39] . We propose to extract α and β from spectroscopic experiments in the pump-probe regime. Based on the theory developed in this Rapid Communication, one can show that 
and
where p 0 = 2πnh 2 is the Fermi momentum of a spin-degenerate two-dimensional electron gas, A =h 2 (ω − ω a + ω b ω + ), and B =h 2 √ ω − ω a ω b ω + . The parameters ω ± , ω a , and ω b can be extracted implicitly from the experimentally measured dynamical conductivity curves for various light-matter coupling parameters γ (Fig. 3) . Conclusions and outlook. In this Rapid Communication we have provided a systematic and self-contained analysis of the transport properties of a dressed 2D electron system with simultaneous Rashba and Dresselhaus SOIs. We showed that strong light-matter coupling leads to renormalization of the spectrum of the system, which results in a dramatic modification of the dynamical conductivity of a system. In particular, we demonstrated that the frequency range where the conductivity is essentially nonzero can be tuned by properly adjusting the parameters of the dressing field. Moreover, we proposed a way to define independently the constants of Rashba and Dresselhaus SOIs in all-optical measurements. 
SUPPLEMENTAL MATERIAL DERIVATION OF THE EFFECTIVE HAMILTONIAN
In this section we provide a basic sketch of the effective time-independent Hamiltonian computation. In the presence of an external electromagnetic field E = E 0 cos Ωt, that in the following is assumed to be linearly polarized E 0 = −E 0ŷ , of the amplitude E 0 and the frequency Ω the Hamiltonian of a two-dimensional electron gas with account of both Rashba and Dresselhaus spin-orbit couplings is expressed as the sum
We have chosen the Cartesian system with theẑ−axis perpendicular to the plane of electron motion. The formula (S1) is purely determined by the corresponding electron momentum p = (p x , p y ), the spin-orbit couplings strengths α (Rashba) and β (Dresselhaus), as well as a set of Pauli matrices σ = (σ x , σ y , σ z ) acting in spin space. The time-dependent contribution originates from a minimal coupling to the field, we use a spatially uniform gauge for the vector potential A(t) = −c t E(t )dt in the following (where c is the speed of light). For the given field polarization the Hamiltonian fully describes evolution ih∂ t Ψ(t) = H(t)Ψ(t) of the system. Having been applied unitary transformation
e −iγ cos Ωt e iγ cos Ωt e −iξ −iγ cos Ωt −e −iξ +iγ cos Ωt e −i 
to the Hamiltonian (S1), where γ = eE 0 √ α 2 +β 2 hΩ 2 , the effective dimensionless field-matter coupling, and tan ξ = β α determines the relative strength of spin-orbit interaction, we finally end up with dynamic equations ih dΦ ± dt = p 2 2m ± α 2 + β 2 (p y + p x sin 2ξ ) Φ ± ∓ iΦ ∓ p x cos 2ξ α 2 + β 2 e ±2iγ cos Ωt ,
for the components Φ(t) = (Φ + (t), Φ − (t)) T = U † (t)Ψ(t). 
where
2m + lhΩ + α 2 + β 2 (p y + p x sin 2ξ ) δ ln −i l−n+1 p x cos 2ξ J l−n (2γ) α 2 + β 2 i n−l+1 p x cos 2ξ J l−n (2γ) α 2 + β 2
here δ ln is the Kronecker symbol. If treat off-diagonal elements as a small perturbation, i.e. we assume α 2 − β 2 p x J 2 n (2γ) J 0 (2γ) α 2 + β 2 nhΩ + 2p y α 2 + β 2 + 4αβ p x 1,
